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Abstract. The stability of alpha helices is important in protein folding, bioinspired materials design, and
controls many biological properties under physiological and disease conditions. Here we show that a natu-
rally favored alpha helix length of 9 to 17 amino acids exists at which the propensity towards the formation
of this secondary structure is maximized. We use a combination of thermodynamical analysis, well-tempered
metadynamics molecular simulation and statistical analyses of experimental alpha helix length distribu-
tions and ﬁnd that the favored alpha helix length is caused by a competition between alpha helix folding,
unfolding into a random coil and formation of higher-order tertiary structures. The theoretical result is
suggested to be used to explain the statistical distribution of the length of alpha helices observed in natu-
ral protein structures. Our study provides mechanistic insight into fundamental controlling parameters in
alpha helix structure formation and potentially other biopolymers or synthetic materials. The result ad-
vances our fundamental understanding of size eﬀects in the stability of protein structures and may enable
the design of de novo alpha-helical protein materials.
1 Introduction
The alpha helix (ﬁg. 1a) is a very widely observed and the
most prevalent secondary structure (which reﬂects ∼ 30%
of the entire Protein Data Bank) of proteins, character-
ized by a right-handed coil stabilized by hydrogen bonds
between backbones of every 3.6 residues of the polypep-
tide chain [1] as distinct from the much less frequently
found 310 helices (3 residues per turn) and π-helices (4.1
residues per turn) [2–5]. The stability of the alpha he-
lix secondary structure is important since in its absence
protein domains may misfold, which results in compro-
mised structural, mechanical, binding and other biologi-
cally functional properties that play an important role in
the emergence of disease states [6–9]. A statistical analysis
of experimental data for variegated amino acid sequences
shows that most naturally existing alpha-helical domains
are composed of segments of ∼10 residues in length [6,
10–12]. Since this overarching structural feature emerges
from analyzing many of functionally very diﬀerent protein
a e-mail: mbuehler@MIT.EDU
molecules, we hypothesize that the favored length scale
of alpha helices is driven by more fundamental principles
than the speciﬁc amino acid sequence, solvent property or
other biochemical features.
Even though the accessible structural data of protein
molecules has increased rapidly during recent years, over-
arching models that explain the generic driving forces be-
hind structure formation in protein materials remain lim-
ited [13]. This is partly because computer simulations of
biological molecules are often conﬁned to relatively short
time scales, making it diﬃcult to reach the native folded
state by a conventional search method (e.g. using classi-
cal molecular dynamics simulation) [14]. Existing statisti-
cal models, combined with empirical parameters, provide
predictive power toward understanding the general prin-
ciples of folding and unfolding of alpha helices [15–17].
Their parameters, however, are usually empirically ﬁtted,
adding diﬃculty to integrate them with molecular mod-
els with parameters derived from ab initio calculations.
Moreover, these models focus on the collective behavior
of helices and do not account for the mechanistic insight
of a single isolated alpha helix. Indeed, single alpha he-
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Fig. 1. Representative geometry of an alpha helix structure. a) The coiled structure of an alpha helix, displayed via a ribbon
with 3.6 residues per turn, deﬁned by the backbone nitrogen and carbon atoms. Each hydrogen bond forms between two of the
amino acids are indicated by dashed lines. In the left structure shown here N = m1 = 12 since all residues form an alpha helix
secondary structure; in the right structure shown here the chain is composed of two segments represented by U1F2 as m1 = 4
and m2 = 8. b) Examples of the three modes of all the possible structures as summarized in table 1, and each of which is
represented by F1, U1 and F1U2F3, respectively.
lix formation is weakly cooperative, resulting in complex
distributions of helical segment size [18]. For example,
the Lifson-Roig helix-to-coil transition models predict the
propensities for diﬀerent chain lengths to form an alpha
helix, but they only suggest an increasing propensity to
form an alpha helix with increasing length [19]. This im-
plies that longer polypeptide chains are always more in-
clined to form alpha helices, preventing the models from
explaining complex higher-order folding behaviors of al-
pha helices [20]. In contrast, other models predict that
the alpha helix strength decreases for increasing length,
implying a less stable structure that unfolds more eas-
ily [21]. Such coarse-grained models, however,do not in-
corporate terms that can capture the details of the amino
acid sequence and do not include the mechanistic interplay
of alpha helix folding, unfolding and assembly. Zimm and
Bragg’s study predicts the average length of alpha helix
in an inﬁnite polyalanine repeat as 15–30 residues [15,22].
Again, this study does not account for the complex higher-
order folding and this estimated length is much longer
than most naturally existing alpha-helical segments of 5
to 14 residues [6,10–12]. The predictions made by these
models are contradictory and form a paradox, and each
of them alone fails to explain the observation of a favored
length of alpha helices.
Here we explain the naturally favored alpha helix
length based on a combination of a theoretical and compu-
tational model. The theoretical model is based on two key
concepts that describe three possible structures that can
be assumed by the helix-prone polypeptide (see ﬁg. 1b).
The ﬁrst one is that the folded region of the polypeptide
chain can either adopt the geometry of an alpha helix sec-
ondary structure or an unfolded structure that is free to
adopt any conformation without constraints, resembling
a random coil. The second concept is that higher-order
tertiary structures can be formed by self-folding of longer
alpha helix segments onto one another, where the total en-
ergy is lowered by the formation of additional inter-helix
adhesion when alpha-helical regions align [23]. It is noted
that helix bundles have been theoretically investigated in
the literature [20,24]. We emphasize that our study fo-
cuses on the physical mechanism that leads to the criti-
cal length of an alpha helix with maximum stability by
itself, and not stabilized by interactions with other pro-
teins. We will not focus on any speciﬁc protein folding
problem because that requires the sequence information,
the full atomic model, the accurate force ﬁeld and a large
sampling space. This distinguishes our work from earlier
analyses [25–28].
2 Model and methods
2.1 Thermodynamic model
Without considering the interactions among amino acids
within an alpha helix, a polypeptide chain of N amino
acids yields a total 2N states with diﬀerent distributions
of amino acids in alpha helix state and disordered state.
To facilitate the calculation, we describe the conforma-
tion state of the polypeptide chain by the combination of
states of each segment as “F” for a segment of all amino
acids in an alpha helix state and “U” for a segment of all
amino acids in a disordered state. We use mi to denote the
number of amino acids within each segment as illustrated
in ﬁg. 1. Because of the geometry character of alpha helix
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Table 1. Summary of all states of a helix-prone polypeptide. The entire polypeptide is composed of up to three alpha helix
segments (noted by F1 to F3) connected by unfolded sections (noted by Ui) as illustrated in ﬁg. 1b. Each alpha helix is of length
larger than the minimum length requirement Nmin = 5. The formula for the internal energy of each state is given in the table,
with a detailed deﬁnition of E given in eq. (3).
S Conformation Mode Internal energy Ef Illustration
1 F1 I E(N)
m1


2 F1U2 II E(m1)
3 U1 II 0 --
4 U1F2 II E(m2)
m2


5 U1F2U3 II E(m2)
6 F1U2F3 II E(m1) + E(m3)
m1


m3


7 F1U2F3U4 II E(m1) + E(m3)
8 F1U2F3 III E(m1) + E(m3)− εd(min(m1,m3)) m1


m3


9 F1U2F3U4 III E(m1) + E(m3)− εd(min(m1,m3))
10 U1F2U3F4 II E(m2) + E(m4)
m2


m4


11 U1F2U3F4U5 II E(m2) + E(m4)
12 U1F2U3F4 III E(m2) + E(m4)− εd(min(m2,m4)) m2


m4


13 U1F2U3F4U5 III E(m2) + E(m4)− εd(min(m2,m4))
14 F1U2F3U4F5 II E(m1) + E(m3) + E(m5)
m1


m3


m5


15 F1U2F3U4F5U6 II E(m1) + E(m3) + E(m5)
16 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3)) m1


m3


m5


17 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3))
18 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m3,m5)) m1


m3


m5


19 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m3,m5))
20 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m1,m5)) m1


m5


m3


21 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m1,m5))
22 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)
m5


m1


m3


−εd(min(m1,m3))− εd(min(m3,m5))
−εd(min(m1,m5))
23 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)
−εd(min(m1,m3))− εd(min(m3,m5))
−εd(min(m1,m5))
24 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3))
m1


m3


m5

−εd(min(m3,m5))
25 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3))
−εd(min(m3,m5))
26 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3))
m5


m1


m3

−εd(min(m1,m5))
27 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m1,m3))
−εd(min(m1,m5))
28 F1U2F3U4F5 III E(m1) + E(m3) + E(m5)− εd(min(m3,m5))
m1


m5


m3

−εd(min(m1,m5))
29 F1U2F3U4F5U6 III E(m1) + E(m3) + E(m5)− εd(min(m3,m5))
−εd(min(m1,m5))
30 U1F2U3F4U5F6 II E(m2) + E(m4) + E(m6)
m2


m4


m6


31 U1F2U3F4U5F6U7 II E(m2) + E(m4) + E(m6)
32 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4)) m2


m4


m6


33 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
34 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m4,m6)) m2


m4


m6


35 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m4,m6))
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Table 1. Continued.
S Conformation Mode Internal energy Ef Illustration
36 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m2,m6)) m2


m6


m4


37 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m2,m6))
38 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
m2


m6


m4


−εd(min(m4,m6))
−εd(min(m2,m6))
39 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
−εd(min(m4,m6))
−εd(min(m2,m6))
40 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
m2


m4


m6

−εd(min(m4,m6))
41 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
−εd(min(m4,m6))
42 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
m4


m2


m6

−εd(min(m2,m6))
43 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m2,m4))
−εd(min(m2,m6))
44 U1F2U3F4U5F6 III E(m2) + E(m4) + E(m6)− εd(min(m4,m6))
m2


m6


m4

−εd(min(m2,m6))
45 U1F2U3F4U5F6U7 III E(m2) + E(m4) + E(m6)− εd(min(m4,m6))
−εd(min(m2,m6))
(t = 3.6 residues per turn for alpha helix), the minimum
length for each alpha helix segment is 5 residues (stabilized
by at least a single hydrogen bond), and the minimum
length of each disordered segment is one residue. There-
fore, for each possible conformation denoted by S, we can
estimate the minimum length requirement as summarized
in table 1. The canonical partition function of each con-
formation state with a known length for each segment as
mi is given by Z(N |S|{mi}) = Ωtot exp[−βEf ] [29], where
β = 1/(KBT ) is the thermodynamic factor, Ef is the total
internal energy of those conformations, mi is the length
of each segment that only subjects to geometric limits
and Ωtot is the statistical weight deﬁned as the number
of conformations within the state. The canonical partition
function of each conformation state without any limit by
segment length is given by
Z0(N) =
∑
S
∑
{mi, i=1...}
Z(N |S|{mi, i = 1 . . .}) (1)
to sum up all the possible combinations of diﬀerent seg-
ment number and length of each of them as summarized
in table 1 with the only constraint that
∑
mi = N .
The total internal energy can be calculated via the sum
of the energy of each segment, as well as the interacting
term given by
Ef =
∑
E(mi)− εd
∑
δij min(mi, mj), (2)
where E(mi) is the internal energy of the segment with
the length of mi amino acids, ε is the non-bonded interac-
tion of unit length between two self-folded alpha helices, d
is the helix rise along the helix axis for each residue, and
δij is the mark that equals to one as the two alpha helix
segments are self-folded and equals zero when they are
not. We include the second term on the right side of eq. (2)
because many protein structures seen in the Protein Data
Bank [13] show the structural characteristic that helical
segments within the same polypeptide are separated by
several amino acids that have a random coil structure.
For example, the pore helix structures at the center of
ion channels are composed of bundles of self-folded alpha
helices. By considering the internal energy in the form
of eq. (2) for all the possible segment lengths for all the
possible conformations as summarized in table 1, we
calculate the internal energy of intact alpha helix (mode
I), partial unfolded alpha helix (mode II) and self-folded
alpha helix (mode III), including symmetric and asym-
metric folding, and their partition functions are given by
Z(N | mode I) = ∑S=1
∑
{mi,i=1} Z(N |S|{mi, i = 1}) =
Z(N |1|m1), Z(N |mode II) =
∑
S={2,3,4...}
∑
{mi,i=1...} Z
(N |S|{mi, i=1 . . .}) and Z(N |mode III)=
∑
S={8,9,12,13...}∑
{mi,i=1...} Z(N |S|{mi, i = 1 . . .}).
2.2 Internal energy of alpha-helical segment
We set up a homogeneous alpha-helical model that treats
each residue equally to calculate the internal energy of
each alpha-helical segment. The internal energy includes
the energy stored in hydrogen bonds, and the deformation
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Fig. 2. We use the natural form of a coiled coil that is com-
posed of two alpha helices to calculate the non-bonded interac-
tion of unit length between two self-folded alpha helices. The
atomic model is obtained from protein data bank (with PDB
ID 2FB5, domain A) and each of the alpha helices has a length
of 36 amino acids. We change the distance rDD between the
two helix axis and measure the energy as a function. The adhe-
sion energy is thereby given by the energy diﬀerence between
the lowest point and the energy of two helices far away from
each other. The non-bonded interaction for this model is given
by ε = (Ex=20 − Ex=7)/(36d).
energy of the backbone, given by
E(mi) = −max(mi − t− 2, 0)Eb int + (mi − t)Ehyr
−min(2,mi − t)Eb ext + (mi − t)Ee, (3)
where Ee is the bending energy of each residue’s backbone
within the helix conformation, Ehyr is the energy diﬀer-
ence for each internal amino acid in alpha helix state and
in disordered state caused by solvent eﬀect, Eb ext is the
energy of the hydrogen bond at the end region, Eb int is
the energy of each hydrogen bond at the interior of each
helical segment and t = 3.6 is the number of residues per
turn for an alpha helix. It is noted that in many former
studies the bending term is not explicitly considered, but
it is explicitly included here to make the physical meaning
of each term more clear. We include two diﬀerent hydrogen
bonding energy terms here to describe a chemical cooper-
ative eﬀect as has been shown in protein structures. The
terminal eﬀect is included by (mi−t) in each energy term.
We obtain the reference value of each of those energy
terms as follows. We ﬁrst measure the adhesion energy
between two alpha helices in their natural state within
a coiled coil obtained from the protein data bank (with
PDB ID 2FB5, domain A) and model the protein struc-
ture by using the CHARMM19 all-atom force ﬁeld with
an eﬀective Gaussian model for the water solvent as shown
in ﬁg. 2 [30]. By changing the distance between two coils
we obtain the reference value of ε = 1.0 kcal/mol/A˚. Ee =
2KBTLpb/D2 is the average bending energy of an amino
acid within the helix conformation, where Lp is the persis-
tence length of a polypeptide chain with a reference value
of Lp0 = 5 A˚ at a reference temperature of T0 = 300K [31],
D is the average diameter of the alpha helix measured by
doubling the distance from the backbone atoms to the he-
lix axis (with its value as D = 3.2 A˚ [32]) and b is the
contour length of an amino acid within the polypeptide
chain with its reference value of 3.7 A˚ [31]. These pa-
rameters yield the reference value of Ee = 2.2 kcal/mol
at 300K. For Ehyr which includes only the solvent eﬀect
and no other energy components, we use a diﬀerence-in-
diﬀerence measurement. We ﬁrst set up two polypeptide
chains composed of 30 amino acids with the same type;
one of an alpha helix conformation and the other one of
a fully unfolded conformation. We then measure the en-
ergy diﬀerence of the two models in solvent as given by
ΔGwt (this energy diﬀerence stems from hydrogen bonds,
deformation of the polypeptide chain and solvent energy
at the surface), and in vacuum as given by ΔGva (this
energy diﬀerence comes from hydrogen bonds and defor-
mation of polypeptide chain), as summarized in table 2.
The energy diﬀerence caused by solvent for an amino acid
of this speciﬁc type in diﬀerent states is thereby given
by (ΔGwt −ΔGva)/30. We repeat this process of all the
amino acid types and then obtain the average value Ehyr
by using a statistical weight of each amino acid type.
We use the well-tempered metadynamics method [33,
34] to measure the free energy landscape of each hydro-
gen bond in the interior region and the edge region of
an alpha helix to give estimations of Eb int and Eb ext,
respectively. The simulation includes a polyalanine chain
of 20 amino acids with an initial conformation of alpha
helix after equilibration using the CHARMM27 all-atom
force ﬁeld and an explicit solvent (TIP3P water molecule
model) box with dimension of 100 × 40 × 40 A˚3. We set
the collective variable as the distance between hydrogen
and oxygen atoms within a hydrogen bond. To eliminate
the angular eﬀect, we apply a restraint to the system that
only allows the hydrogen bond angle to ﬂuctuate within
60◦ of range. The evolvements of the free energy land-
scapes of hydrogen bond at the edge and interior are as
illustrated in ﬁg. 3, from which we can obtain the bond
energy by measuring the converged barrier height. All ref-
erence values of the energy parameters are as summarized
in table 3.
2.3 Statistical weight of each state
The Worm-Like Chain (WLC) model [35] is adopted here
as the elastic description of the polypeptide backbone. The
conformation energy of each unfolded segment is
Ec(mi|U) = −
∫ R
0
KBT
Lp
[
1
4(1− h/L)2 −
1
4
+
h
L
]
dh,
(4)
where L = bmi is the contour length of the polypeptide of
the mi unfolded amino acids, and R is the expected end-
to-end length of the polypeptide with the value [36] of
R2 = 2LpL{1− Lp[1− exp(−L/Lp)]/L} for the unfolded
segment. We thereby have the integral as Ec(mi|U) =
−KBT{L/[4(1 − R/L)] − (R + L)/4 + R2/(2L)}/Lp and
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Table 2. Summary of ΔGwt (energy diﬀerence which comes from hydrogen bond, deformation of polypeptide chain and solvent
energy at surface) and ΔGva (energy diﬀerence which comes from hydrogen bond and deformation of polypeptide chain) for
polypeptide chains with same type of amino acids in the state of alpha helix and fully unfolded state (ΔGwt = Gwt F −Gwt U ,
ΔGva = Gva F −Gva U ). Pa.a. gives the statistic weight of each amino acid type by calculating their potions in natural protein
segments which is deposited in PDB with alpha helix as the secondary structure.
Type ΔGwt (kcal/mol) ΔGva (kcal/mol) (ΔGwt −ΔGva)/30 (kcal/mol) Pa.a.
ALA −49.6 36.3 −2.9 0.118
ARG −55.3 50.7 −3.5 0.060
ASN 12.2 41.5 −1.0 0.032
ASP −43.2 50 −3.1 0.047
CYS −52.7 −42.1 −0.3 0.009
GLU −85.1 −213.6 4.3 0.090
GLN −77.1 58.1 −4.5 0.046
GLY 4.5 84.9 −2.7 0.035
HIS −7.6 −2 −0.2 0.021
ILE −40.5 −141.4 3.4 0.063
LEU −23.2 −99.6 2.5 0.121
LYS −21.4 73.3 −3.2 0.066
MET −77.5 −120 1.4 0.027
PHE −33.9 −122.2 2.9 0.040
PRO 88.9 88.3 0.02 0.020
SER −109.1 −113.6 0.15 0.045
THR −130 −7.3 −4.1 0.043
TRP −54.6 −160.6 3.5 0.015
TYR −19.6 −108 2.9 0.034
VAL −43.5 −83.6 1.3 0.067
Fig. 3. The free-energy landscape of each single hydrogen bond as a function of the distance between the oxygen atom in
the amino acid backbone and the hydrogen atom of the next amino acid in the neighbor turn at the corresponding position.
The starting energy deposition rate for metadynamics is set to be ω = 0.01 kcalmol−1 ps−1 with a Gaussian width of 0.35 A˚.
Diﬀerent curves in each panel correspond to diﬀerent time with diﬀerent amount of bias potential applied to develop the energy
landscape and the time diﬀerence between two neighbor curves is 100 ps. The converged curves at the bottom of each panel
gives the physical energy landscapes of the hydrogen bond at diﬀerent positions. The hydrogen bond energy is measured by
the height of energy barrier from the lowest energy point around rO–H = 2.1 A˚ to the length corresponding to bond breaking
length rO–H > 5 A˚. The calculation is performed by metadynamics for hydrogen bond energy at the edge region in panel a) and
interior region in panel b) of an alpha helix.
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Table 3. Summary of geometric and energy parameters for the theoretical model (values as given in the literature). The eﬀect
of the values of Eb and ε is investigated within the sensitivity analysis as shown in ﬁgs. 6a and b.
Variable Value
Temperature T0 300K
Persistence length of peptides in T0 Lp0 5.0 A˚ [31]
Contour length per residue b 3.7 A˚ [31]
Number of residue per turn in alpha helix t 3.6 [2]
Helix rise per residue. d 1.5 A˚(a)
Average diameter of an alpha helix D 3.2 A˚(b)
Non-bonded interaction between
ε 1.0 kcal/mol/A˚(c) [37]unit length alpha helices
Average value of solvent eﬀect
Ehyr −0.123 kcal/mol(d)on each amino acid
Energy of each hydrogen bond
Eb ext 1.12 kcal/mol
(e)
at the end region of alpha helix
Energy of each hydrogen bond
Eb int 4.00 kcal/mol
(e)
at the interior of alpha helix
(a)
Based on the fact that the pitch of an alpha helix is 5.4 A˚, and 3.6 amino acid per turn [32].
(b)
Average diameter of an alpha helix based on its backbone.
(c)
Obtained from ﬁg. 2 in this study.
(d)
Calculated from table 2 in this study.
(e)
Obtained from ﬁg. 3 in this study.
the number of conformations of each segment is obtained
via [29]
−KBT ln(Ωi(mi)) = Ec(mi), (5)
where Ωi is the statistical weight as the number of confor-
mations of the segment i. We have Ec(mi|F) = 0 because
there is a single conformation for an alpha helix segment.
The above analysis yields a general form of the statistical
weight Ωi of each segment mi as
Ωi(mi) =
⎧
⎪⎨
⎪⎩
1, for F,
exp({L/[4(1−R/L)]
−(R + L)/4 + R2/(2L)}/Lp), for U,
(6)
and the total statistical weight can be calculated by
Ωtot = Ω0
∏
Ωi(mi), (7)
where Ω0 = exp(−E0/(KBT )) is a ground state constant
and E0 is the ground state conformational energy of the
polypeptide before unfolding.
We select typical values for the geometric parameters
as summarized in table 3 to obtain a quantitative estimate
of the probability distribution as summarized in table 1.
It is noted that Lp0 is given by the persistence length
of the polypeptide in the reference temperature of T0,
and for other temperatures T , the persistence length is
Lp = Lp0T0/T . This relation means that a higher temper-
ature introduces more ﬂuctuations to the polypeptide and
makes it easier to deform. The probability of the polypep-
tide to form an intact alpha helix without unfolding can
be derived from the canonical partition function by
P (N) = Z(N |mode I)/Z0(N), (8)
where Z0(N) = Z(N |mode I) + Z(N |mode II) + Z(N |
mode III) is the total partition function equivalent to
eq. (1). This formula incorporates the mechanism of the
competition between alpha helix folding and unfolding
as well as the eﬀect of self-folding. The reference values
of all the parameters needed to calculate P (N) are ob-
tained from molecular dynamics simulations and literature
sources and are summarized in table 3.
3 Results and discussion
3.1 Length eﬀect from thermodynamic model
We now apply this model and calculate P (N) as a func-
tion of the polypeptide length as shown in ﬁg. 4. We ob-
serve that P (N) features a plateau between 9 to 17 amino
acids with a polypeptide length at its middle of CN = 13
amino acids (at 300K), which corresponds to the polypep-
tide length with the maximum probability CP to form an
intact alpha helix. For polypeptides shorter than CN , P
decreases with decreasing N . Similarly, for polypeptides
longer than CN , an increasing length also leads to a de-
creasing P . We also notice that CN does not change sig-
niﬁcantly as the temperature increases from 300 to 400K
as shown in ﬁg. 4, suggesting that CN is not very sensi-
tive to temperature. The phenomenon that the increasing
temperature leads to a decreased CP agrees with our ex-
perience that increasing temperature leads to increased
ﬂuctuations in the polypeptide that break the hydrogen
bonds, and thus decreases the content of alpha helix as the
protein structure is denaturalized. The existence of CN in
our model is caused by the changing probability of each
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Fig. 4. The probability of the polypeptide to form an intact
alpha helix as a function of its length and the number of alpha
helices as a function of length in Protein Data Bank. Histogram
that shows the number of alpha helices with that particular
length, revealing that alpha helices with a length of 10 are
most common. The data is the result of a statistic calculation
based on 46030 high-resolution protein crystal structures ob-
tained from the Protein Data Bank. Those structures are typ-
ically obtained by X-ray crystallography or nuclear magnetic
resonance spectroscopy and cover a very broad variety of bio-
logical molecules. The secondary structures of each amino acid
within the proteins are determined by the DSSP algorithm [12].
The continuous curves are the results obtained from our theo-
retical model at diﬀerent temperatures. The peak point of each
distribution refers to the critical polypeptide length (CN ) with
a maximum probability (CP ) in forming an intact alpha he-
lix. The reason our model predicts no alpha helix for peptides
smaller than 5 is that our model assumes the minimum length
of Nmin = 5 to form alpha helix (3.6 amino acids per turn and
we need at least one hydrogen bond forming).
folding mode for increasing N as shown in ﬁg. 5. The prob-
ability of mode III is almost 0 as constant for N < CN re-
gion while it signiﬁcantly increases for N > CN . However,
the probability of mode II decreases outside the plateau re-
gion. The combination of the behaviors of those two modes
leads to the peak value of the probability of mode I since∑
Z(N |mode I, II, III) = Z0(N).
The values for Eb int and ε are typically found in a
range of possible values depending on the sequence and
solvent conditions [2,37,38]. To examine the eﬀect of vary-
ing these parameters we alter their values in our model
and calculate the probability distribution for these cases.
For each set of parameters we identify the critical length
that leads to the maximum probability to form an alpha
helix. The result depicted in ﬁg. 6a shows that the max-
imum probability CP for the formation of an alpha helix
decreases with decreasing Eb int and it shows no strong de-
pendence on ε, while the critical polypeptide length CN
decreases with increasing ε and decreasing Eb int (ﬁg. 6b).
We ﬁnd that the critical polypeptide length CN varies
from 10 to 17 amino acids for a wide energy range (Eb int
from 3 to 5 kcal/mol and ε from 1 to 1.5 kcal/mol/A˚). This
indicates that the critical length depends on those energy
terms. We observe that the smaller ε and greater Eb int
Fig. 5. The probability distribution of the polypeptide for
each of the three modes as summarized in table 1 under 300K
temperature, i.e., intact alpha helix (mode I), partial unfolded
alpha helix (mode II) and self-folded alpha helix (mode III).
The probability distribution of mode I forms a plateau between
N = 9 and N = 17, we use the weight center of the plateau
as CN = 13 for the peak point. The probability of mode III
signiﬁcantly increases for N > CN , while the probability of
mode II decreases outside the plateau region.
lead to the greater CN . This result may be important for
the understanding and design of alpha helix assembly pro-
cesses because both ε and Eb int are weak interactions in
protein structures that can be directly controlled by exter-
nal factors such as the temperature, solvent polarity and
pH value. We also test the dependence of CN on Eb ext
and Ehyr as summarized in ﬁgs. 6c and d, respectively. It is
observed that increasing Eb ext, which means a smaller co-
operative eﬀect as Eb ext and Eb int become more similar,
leads to decreasing CN . It is also observed that decreasing
Ehyr (more hydrophobic) leads to a greater CN .
3.2 alpha helix stability in metadynamics
We now carry out direct molecular simulations to test
whether the length eﬀect revealed by our theoretical model
is also observed in a chemistry-based molecular model.
We calculate the free-energy landscape for the alpha helix
similarity parameter of a polyalanine chain by using the
well-tempered metadynamics method [33,34]. The reason
why we use polyalanine in our simulations is that alanine
is regarded as the most stabilizing residue within alpha
helices (47% of all the alanine residues are within alpha
helices for all the protein structures we surveyed). Our
metadynamics simulations are performed by NAMD im-
plemented in the PLUMED package [33,34,39]. We study
the stability of polyalanine chains in explicit solvent en-
vironment with diﬀerent lengths. The initial geometry of
the alpha helix is set up according to the standard geom-
etry of an alpha helix of (φref , ψref) = (−58◦,−47◦) [32],
the atomic interaction is modeled using the CHARMM27
force ﬁeld and the solvent environment includes explicit
TIP3P water molecule model and ionic concentration of
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Fig. 6. Maximum probability and critical length of the polypeptide to form an intact alpha helix for varied hydrogen bond
energies Eb int and non-bonded adhesive energies ε. a) Maximum probability CP , which refers to the P -axis value of the peak
point in ﬁg. 4, of the polypeptide to adopt the alpha-helical conformation. b) Critical length CN , which refers to the N -axis
value of the peak point in ﬁg. 4, of the polypeptide with a maximum probability to form alpha helix. The values of the maximum
probability and critical length for each combination of the hydrogen bond energies and non-bonded adhesive energies are deﬁned
by the color bars in panels a) and b) respectively. c) Critical length CN of the polypeptide as a function of the hydrophobic
eﬀect given by Ehyr. d), Critical length CN of the polypeptide as a function of the cooperative eﬀect given by Eb ext.
0.308mol/L (equals to physiological saline environment
of 0.154mol/L sodium chloride concentration) with the
numbers of cations and anions carefully controlled to neu-
tralize the total charge of the system.
We use an NPT ensemble controlled by a Langevin
thermostat and barostat (constant number of parti-
cles, constant pressure (1 atm) and constant temperature
(300K)) through the equilibrium stage. The typical sys-
tem is of the size 100 × 40 × 40 A˚3 composed of ∼5000
water molecules and 30 ions. The system is set to be pe-
riodic in all directions and Particle Mesh Ewald method
(with a lattice size of 1 A˚) is used to accurately compute
the electrostatic interactions. The integration time step is
select to be 2 fs and rigid bond model is applied for the
hydrogen atoms. We ﬁrst equilibrate the solvent box by
ﬁxing the polyalanine for 200 ps as the volume and energy
of the system converges, and then equilibrate the entire
system without constraints for 5.4 ns to ensure that the
protein structure has been fully equilibrated by examin-
ing the convergence of the root mean square deviation of
the atoms within the protein structure.
After equilibration we perform a Well-Tempered Meta-
dynamics calculation until convergence of the free-energy
landscape is reached. The collective variable we use to ana-
lyze the free-energy landscape is the alpha helix similarity,
which is deﬁned as
S =
1
2N
N∑
i=1
[cos(φ− φref) + cos(ψ − ψref)], (9)
where (φ, ψ) are the two dihedral angles of the back-
bone of two neighborhood amino acids within the inter-
nal region of the peptide, and (φref , ψref) deﬁnes the con-
formation of standard alpha helix. It is noted that as
(φ, ψ) → (φref , ψref), S → 1, meaning that the confor-
mation of the peptide has the geometry of an alpha helix.
Other parameters include the enhanced temperature of
1500K where the collective variable is sampled, the start-
ing Gaussian height is 0.1 kcal/mol and the deposition
interval is 200 fs, corresponding to a deposition rate of
0.5 kcalmol−1 ps−1. The probability for the polypeptide
to form alpha helix conformation is given by
Pmeta(N) =
∫ 1
S0
exp
(
−F (S)
KBT
)
ds
/∫ 1
−1
exp
(
−F (S)
KBT
)
ds, (10)
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Fig. 7. Length eﬀect on the folding process of polyalanine revealed by Well-Tempered Metadynamics molecular simulations.
a) Conformation of a short polyalanine with 9 amino acids and the conformation of a long polyalanine with 40 amino acids. The
plots in this panel present the end-to-end lengths of the short polyalanine(top) and long polyalanine (bottom) as a function of
the simulation trajectories (in units of ns). b) Probabilities of the polyalanin chains to form an intact alpha helices, for chain
lengths from 5 to 40 amino acids. The solid curve, with the purpose of guidance, is ﬁtted to the data according to a B-spline
function. The peak point corresponds to the maximum probability of the polyalanin chain to form an intact alpha helix and
is found at a critical length of 16.3 ± 2.1 amino acids. This number and range is obtained by ﬁtting the data points with a
Gaussian function.
where F (S) is the free-energy surface obtained in Well-
Tempered Metadynamics calculation [34] and S0 = 0.6 is
the boundary value used in this study to deﬁne alpha helix
conformation. We alter S0 by ±0.1 and recalculate Pmeta
to obtain the error bar of each data point.
To examine the length eﬀect we compute the proba-
bility of each polypeptide chain length to form an intact
alpha helix conformation by calculating the proportion
of structures of alpha helix conformation among all con-
formational samplings, by integrating over its free-energy
landscape (as given in eq. (10)). We carry out these simula-
tions for polypeptide chains with lengths ranging from 5 to
40 amino acids and calculate their probability to adopt in-
tact alpha-helical geometries. Figure 7a shows that in the
simulations of the short polypeptide chain with 9 amino
acids and less the structure unfolds rapidly and adopts a
completely random coil conformation. In contrast, longer
polypeptide chains such as the one with 40 amino acids
behave very diﬀerently and are seen to self-fold into a helix
hairpin. Both cases, the short and the very long polypep-
tide chains, display a rather small probability to remain in
their initial straight alpha helix conformation. Notably we
also observe that there exists an intermediate length that
maximizes the probability to form an alpha helix length.
These observations, including the ﬁndings made for the
two extreme cases, agree with the assumptions made ear-
lier in the development of the theoretical model.
The probabilities Pmeta(N) of all polypeptide chains
considered in our simulations to form an intact alpha he-
lix conformation is plotted as a function of their length in
ﬁg. 7b. We ﬁnd that the probability of the critical polypep-
tide length CN = 16.3±2.1 amino acids shows a signiﬁcant
portion of alpha helix without self-folding. This critical
length identiﬁed here is slightly larger than the value pre-
dicted by the theoretical model. It is also shown that very
short peptides (N = 5 and 6) have Pmeta > 0. We check
the simulation trajectories and conﬁrm that those values
are caused by the limits of applying alpha helix similar-
ity (eq. (9)) to very short peptide. The hydrogen bonds
in these peptides are not stable from the beginning of the
simulation and Pmeta > 0 simply reﬂects the fact that
the peptide backbone during free ﬂuctuations visits many
conformations similar to (φref , ψref), albeit these confor-
mations are not stable. Nevertheless, the direct computa-
tional results suggest that the existence of a critical length
at which the alpha helix stability is maximized. The diﬀer-
ence between the model and the simulation results can be
explained by the hydrophobic eﬀect of polyalanine chain.
This eﬀect (as given by Ehyr(ALA) = −2.9 kcal/mol for
a polyalanine chain as summarized in table 2) is much
stronger than that of the statistic average, and also by
considering that the stronger Ehyr leads to a favoring of
longer alpha helices as summarized in ﬁg. 6c. We explain
this by the fact that a pure polyalanine chain should have
a longer CN than the statistical value. We also ﬁnd that
the actual probability of short polypeptide chains to form
a stable alpha helix geometry is smaller than predicted by
the theoretical model, indicating that the speciﬁc choice
of alanine side chains may make the length prevalence
more pronounced. It is noted that the prevalent length
range given by the simulation result is narrower than the
theoretical result because the atomic simulations are per-
formed only for polyalanine, and they do not cover other
sequences. There is evidence given by data in the Protein
Data Bank as that for continuous polyalanine segments
with medium length (> 6 amino acids) only one single
length at N = 11 gives 13 helix structures. For each of
the other lengths only less than two helix structures (one
or none) can be found. We anticipate that other protein
sequences may lead to diﬀerent prevalent lengths, making
the prevalent length of the alpha helix structures vary in
a range and thus broadening the peak.
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Fig. 8. Schematic of the conformation diagram of alpha helix
structures. Three dominant conformations including unfolded
helix, intact alpha helix and tertiary structure are depicted
by three regions with diﬀerent colors within the ﬁgure. The
probability of forming the speciﬁc structure for a peptide is
measured by the height of the speciﬁc region at the correspond-
ing peptide length N . The exact probability of each mode is
given in ﬁg. 5. The tripoint at the intersection point of the
three regions is highlighted with a circle. It yields a favorite
alpha helix length as well as the transition point for higher-
order structures, and it also corresponds to the co-existing area
with all the three conformations possible. For peptides shorter
than the length corresponding to the tripoint, the increasing
length increases the helix stability, while for longer peptides,
the increasing length decreases the helix stability because of
the possibility to form tertiary structures.
3.3 A perspective from length dependent alpha helix
stability
Our ﬁnding that there exists a critical length for max-
imum alpha helix stability agrees well with the statisti-
cal distribution of the number of alpha helices observed
in natural protein structures as a function of the pep-
tide length, as shown in ﬁg. 4. In future work the model
could be adopted to study the stability of π-helices and
310 helices by altering parameter values to adapt to the
geometries and energy terms of those helix types [40]. In
preliminary calculations our model suggests that there ex-
ist larger critical lengths for π-helices (18 amino acids by
taking t = 4.1, D = 3.6 A˚ and d = 1.3 A˚) and smaller
critical lengths for 310 helices (10 amino acids by taking
t = 3, D = 2.7 A˚ and d = 1.8 A˚) than that of the alpha he-
lix (13 amino acids). This result suggests that long chains
have an intrinsic preference for π-helical structures while
short chains have the intrinsic preference for 310-helical
structures. This suggestion is supported by arecent simu-
lation study of a long helical chains composed one hundred
amino acids. In that study it was reported that an applied
tensile force induces a transition from an alpha helix to a
π-helix at an early deforming stage, and that the content
of the 310-helix in this system under varied force condi-
tions is always low [41]. We are also aware that in order
to obtain the critical length of any speciﬁc alpha helix,
the eﬀect of the amino acid sequence needs to be included
for example by applying inhomogeneous weak interactions
along the polypeptide. As it is suggested by our model (as
shown in ﬁg. 6c) that a stronger hydrophobicity caused by
side chains may lead to a longer alpha helix with greater
stability.
The critical length and probability distribution discov-
ered here have important implications in our understand-
ing of the folding mechanism and stability of alpha helix
protein material. The new insight uncovered here is that
the characteristic length scale of alpha helices could be
driven by more fundamental principles than the speciﬁc
amino acid sequence, hydrogen bond energy, or solvent
properties. Our results, as illustrated by ﬁg. 8, show that
the favored alpha helix length —given by the tripoint of
the three possible conformation regions— is governed by
the thermal equilibrium between entropy-driven unfold-
ing and free-energy-driven folding in forming secondary
and higher-order structures. Polypeptides longer than this
length do indeed form alpha helices, but also tend to self-
fold to form higher-order structures. In contrast, polypep-
tides shorter than the critical length are less stable and
form random coils. This result may explain why there are
no single long alpha helices found in nature, but that they
are almost exclusively found in the forms of coiled-coils,
triple helices, and even higher-order helical structures [5,
42,43]. Moreover, our results show how the favored alpha
helix length is altered by changes to energy terms that de-
ﬁne the molecular interactions. This knowledge may po-
tentially help us to design simpliﬁed control models that
may aid researchers in manipulating molecular and cellu-
lar processes [44].
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